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Investigated spin models 

• Introduce the lattice with 𝑀 sites 

 

 

 

 

 

• On each site we place a spin 

• Spins will be treated quantum-mechanically: 
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Investigated spin models 
• Spins interact in all the directions The 

Heisenberg 
model 

• Interactions in 𝑋 and 𝑌 directions 
The 

XY model 

• We include next nearest neighbours: The 
𝐽 − 𝐽′ 

Heisenberg 
model 

𝐻 = 𝐽  𝑆𝑥 𝑖 𝑆𝑥 𝑖 + 1 + 𝑆𝑦 𝑖 𝑆𝑦 𝑖 + 1

𝑀

𝑖=1

 

𝐻 = 𝐽  𝑆  𝑖 ⋅ 𝑆  𝑖 + 1

𝑀

𝑖=1

+ 𝐽′  𝑆  𝑖 ⋅ 𝑆  𝑖 + 2

𝑀

𝑖=1

 

𝐻 = 𝐽  𝑆  𝑖 ⋅ 𝑆  𝑖+1

𝑀

𝑖=1

 

4 



The Schwinger model 

• It is quantum electrodynamics (QED) in 1 + 1 dimensions: 

 

ℒ = 𝜓 𝑖𝛾𝜇𝐷𝜇 − 𝑚 𝜓 −
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 

 

• Fermions with spin ½  

• Interactions mediated by electromagnetic interactions 
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The Schwinger model 

• The lattice representation: 

𝐻 =
1

2𝑎
 𝜎+ 𝑛 ⅇ𝑖𝜃 𝑛 𝜎− 𝑛 + 1 + ℎ. 𝑐.

𝑀

𝑛=1

+
1

2
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𝑀

𝑛=1

+
𝑔𝑎2

2
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• 𝑎 − lattice spacing, 𝑚 − fermion mass, 𝑔 − coupling constant (to the 
gauge field), 𝛼 − background electric field 

 Spin matrices 𝜎 𝑛  

Gauge field excitations, 
operators 𝐿 𝑛 , ⅇ𝑖𝜃 𝑛  

𝑛 

𝑛 + 1 
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The Schwinger model 

• The lattice representation : 

𝐻 =
1

2𝑎
 𝜎+ 𝑛 ⅇ𝑖𝜃 𝑛 𝜎− 𝑛 + 1 + ℎ. 𝑐.
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• Massive/massless model 

• Free model/model with interactions 

• Model with/without background electric field 
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The objectives 

Problems we will encounter: 

• How to determine the bulk limit 𝑀 → ∞? 

• How to determine the continuum limit 𝑎 → 0? 
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To use computer resources for calculating energy levels of investigated 
models (especially the ground level) 

To confirm exact results and the results from previous works 

To obtain new results 

To study the phase transitions of 𝐽 − 𝐽′ Heisenberg model 

To study the phase transition of the Schwinger model with field 

To determine which methods will be the most effective ones 



What methods were used? 

Exact 
diagonalisation 

(ED) 

• Set up the exact 𝐻  
matrix and 
calculate the levels 
exactly 

Renormalisation 
group 

• Look at the system 
in different scales 

• Numerical 
renormalisation 
group (NRG) 

• Density matrix 
renormalisation 
group (DMRG) 

ED of the 
Schwinger model 

with strong 
coupling expansion 

• To create 𝐻  we 
limit the infinite 
basis with the 
perturbation 
method –  
strong coupling 
expansion 
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Results and conclusions 
for spin models 
• Exact diagonalisation 

 

 

 

 

 

 

 

 

ü The ground level determined with a good precision 

ü No energy gap 

ü Biggest simulated system 𝑀 = 16 
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Results and conclusions 
for spin models 

• Exact diagonalisation – the 𝐽 − 𝐽′ model 
 
 
 
 
 
 
 
 

ü The maximum of the energy for 𝐽′ 𝐽 = 0.5 
ü Approximate dependence 𝐸0 𝐽′ 𝐽  
ü Using Δ the critical point was determined to be 𝐽′ 𝐽 ≈ 0.2419 5  

which is consistent with previous results 
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Results and conclusions 
for spin models 

• NRG and DMRG 

 

 

 

 

 

 

 

 

ü NRG results are near the exact ones but are not consistent with them 

ü DMRG results are fully consistent with the exact results 

üWe should start with higher 𝑀𝑖𝑛𝑖𝑡𝑖𝑎𝑙 to improve those results 
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Results and conclusions 
for spin models 

• NRG and DMRG for the 𝐽 − 𝐽′ Heisenberg model 

 

 

 

 

 

 

 

 

ü NRG plot is not very promising 

ü 𝐸0 𝐽′ 𝐽  dependence was determined very precisely with DMRG 

ü Increase 𝑀𝑖𝑛𝑖𝑡𝑖𝑎𝑙 to confirm our results 
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Results and conclusions 
for the free Schwinger model 
• Exact diagonalisation 

 

 

 

 

 

 

 

 

 

× The bigger 𝑚 the bigger uncertainty of 𝐸0 

×We would have to simulate much bigger systems 

-0.5

-0.4

-0.3

-0.2

-0.1

0.0
0 2 4 6 8 10

14 

𝑚 𝐸0

𝑀
 

−1/𝜋 



Results and conclusions 
for the Schwinger model 
• Ground level energy: 

 
 
 
 
 
 
 
 
 
 

× Independent of mass 𝑚 and field 𝛼 
× Consistent with the exact result −1/𝜋 

-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0
0 0.2 0.4 0.6 0.8 1

α = 0.5,  m/g = 1.6 
α = 0.0,  m/g = 1.6 
α = 0.5,  m/g = 0.5 
α = 0.0,  m/g = 0.5 
α = 0.5,  m/g = 0.0 
α = 0.0,  m/g = 0.0 

15 

1 𝑥 = 𝑔𝑎 
𝑓0 𝑥  

−1/𝜋 

Continuum limit axis 



Results and conclusions 
for the Schwinger model 
• Scalar and vector particle mass: 

 
 
 
 
 
 
 
 
 
 

× Results consistent with predictions – apart from 𝑓+ for small 𝑚 
× Extrapolation to the continuum limit from too high lattice spacing 𝑎 
× Vector state is quite stable and we expect that the results for this state 

are very precise 
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• String tension for 𝛼 = 0.5: 

 
 
 
 
 
 
 
 
 
 

× For 𝑚 𝑔 = 0 the string tension disappears – charges are not confined 
× For 𝑚 𝑔 ≠ 0 we have the charge confinement 
× For 𝑚 𝑔 → 0 the results are consistent with predictions 
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Results and conclusions 
for the Schwinger model 
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• Chiral order parameter: 

 
 
 
 
 
 
 
 
 
 

× 𝛼 = 0.5 dependence is almost the same as for 𝛼 = 0, while 𝑚 > 𝑚𝐶 
× If 𝑚 < 𝑚𝐶 the results for 𝛼 = 0.5 are different from those of 𝛼 = 0 
× Charge conjugation symmetry is broken for 𝑚 > 𝑚𝐶 and we have two 

vacua 

Results and conclusions 
for the Schwinger model 
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• Average electric field Γ𝛼 and axial fermion density Γ5: 

 
 
 
 
 
 
 
 
 
 

× Below the critical mass, we were unable to determine Γ𝛼 and Γ5 
× Use a different method, e.g. DMRG for the Schwinger model 
× Above 𝑚𝐶 the results are consistent with the previous works 

Results and conclusions 
for the Schwinger model 
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Future improvements & outlook 
 

The 
QCD 

studies 

Method of 
determining 

the limit 
𝑀 → ∞ 

Method of 
determining 

the limit 
𝑎 → 0 

DMRG for 
the 

Schwinger 
model 

Study the 
𝑆𝑈 3  field 
theory in 

1 + 1 dim. 
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DMRG  
for larger 
system 
sizes 

DMRG for 
different 
models 
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